Of more specific interest has been the determination for a given module, , of the least positive integer (if such exists), such that every endomorphism of is a sum of exactly automorphisms of ; this is called the unit sum number of , : where no such exists, we say if every endomorphism of is a sum of a finite number of automorphisms and if not. There is a considerable body of literature on this topic including [2] , [9] , [11] , [12] , [13] , [15] , [18] , [19] , [20] .
In 1954 Zelinsky showed for a vector space over a field that unless is one-dimensional and is the field of two elements, in which case : see [24] . In 1985 the first author [11] considered unit sum numbers for reduced torsion-free modules over a complete discrete valuation ring. This approach was further developed and formalized by Goldsmith, Pabst and Scott in [13] .
Recently the second author has shown that for a large class of rings , including PIDs, a free -module of any rank greater than 2 has -see [19] , [20] . Surprisingly, certain rational groups have been shown to have a finite unit sum number greater than 2 (see [12] and [18] ). It is, however, possible in certain circumstances to obtain stronger results: an Abelian group, or more generally anmodule , is said to have the involution property if every endomorphism of can be expressed as the sum of two automorphisms, one of which is an involution; this concept has been investigated in [18] . The involution property is closely related to a property first introduced by Nicholson [21] in connection with exchange rings: a ring is said to be clean if every element can be expressed as the sum of a unit and an idempotent. The notion can be extended to modules in a natural way: an -module is said to be clean if its endomorphism ring is clean. A significant, and rather surprising result in this area is Ó (i) (ii) the involution property (and is not clean, thereby answering a query of Nicholson) but that modules with the involution property exist in such abundance that there is no hope of classifying them.
All groups other than automorphism groups are assumed to be Abelian and our terminology and notation are standard and may be found in [6] , [7] , [16] ; an exception is that we write maps on the right. Throughout the paper all rings will be associative unital rings. The set of rational primes is denoted by and where there is no danger of misinterpretation we refer to rational primes as primes.
Preliminaries
In this section we derive some elementary properties of modules with the involution property and make precise the connection with clean modules. Throughout this section the ring is arbitrary, not necessarily commutative.
Proposition 1.1
Ifis an-module which has the involution property, then 2 is an automorphism of.
Proof
Let 1 be the identity in so that , where and . Then premultiplying by and substituting for in the resulting equation we get . However, since this forces and so . □ Now we can state clearly the connection between the involution property and the property of being clean. 
Therefore, . Clearly, is an automorphism of and a straightforward calculation shows that is an idempotent. This proves (i).
The proof of (ii) is similarly direct: if is clean and 2 is a unit then, for any endomorphism , we have where is an automorphism and is an idempotent. Then since , it is clear that is a sum of two automorphisms of , one of which is an involution. The converse follows immediately from the previous proposition. □ If a ring has the involution property, it is easy to see that a freemodule of finite rank also has the property.
Proposition 1.3
Suppose thatis a ring with the involution property; then, for each positive integer, the free-module of rankhas the same property.
Proof
Note firstly that the endomorphism ring may be identified as the ring of matrices over the opposite ring . Since it is clear that a ring has the involution property if and only if its opposite ring, , has it, it will suffice to consider matrices over itself. Our proof is by induction on . In fact we show somewhat more: every matrix is the sum of a diagonal involution and a unit. If , the result is true by hypothesis. Suppose now the result is true for and consider a matrix of size : say, where is , is , is and . By the induction hypothesis, where is a diagonal involution and is a unit. Now , say. Then , where is a unit and is an involution. So we may write Clearly the second term is a diagonal involution, so it remains to show that the first term is a unit. If then are both invertible. Moreover a straightforward check shows that and hence is a unit as required. □ Our next result is well known and its proof is elementary.
Lemma 1.4
Letbe an-module where. Ifis any involutary automorphism ofand denotes the identity in, then.
Proof
Let . Since , we have . Therefore . Since , it follows that . Therefore . Now let be an arbitrary element of . If then . Therefore, .
Similarly, if then . So . Therefore we may write in the form where and . □
Recall that an -module may have unit sum number 2 even when itself does not have this property -the free Abelian group of rank 2 provides a simple example. This cannot, however, happen with the stronger involution property.
Theorem 1.5

Letbe a ring; then a free-module has the involution property only ifhas the property.
Proof
Suppose that is a free -module and assume for a contradiction that has the involution property but does not.
Observe firstly that 2 is a unit of ; otherwise 2 is not an automorphism of , contrary to Proposition 1.1. We show that for any either or is a unit. Now, and so for some and an involution. By Lemma 1.4, we may write , say; note that one of is non-zero. But then acts diagonally on as multiplication by on and on . Since is an automorphism this forces the multiplications to be units and so at least one of is a unit. 
Completely decomposable groups
In this section we consider the involution property for completely decomposable groups. We begin by recalling some definitions and properties of rational groups.
Let be a torsion-free Abelian group and any element of . For a prime , the -height of in , written , is if but ; we put if for all . If necessary, we write or to indicate that we are considering theheight of within the group .
For a torsion-free Abelian group and an element of , the characteristic of in , written , is the sequence of -heights of for each , i.e. . Two characteristics and are said to be equivalent, written , if is finite and wherever then both and are finite. An equivalence class of characteristics with respect to this relation is called a type. The type of , written , is the equivalence class of with respect to this equivalence relation. A group is said to be a rational group if is torsion-free of rank 1 or, equivalently, is a subgroup of ; note that all elements of must be of the same type so we define the type of as for any . It is well known that rational groups and are isomorphic if and only if -see [7, Theorem 85 .1].
Next we describe the endomorphism rings of rational groups; for this purpose it is useful to introduce the following: At this point we recall some definitions: a group is said to be a completely decomposable group if it is a direct sum of rational groups and it is said to a homogeneous completely decomposable group if it is a direct sum of rational groups each of the same type. The set of critical types, , of a completely decomposable group is the set of types of the rational groups which occur as summands in the decomposition of into rational groups.
Decompositions of a completely decomposable group into direct sums of rational groups are unique up to isomorphism -see [7, Proposition 86 
Proof
Let and note that the only elements of which are involutions are 1 and −1.
Let and . Then, by Lemma 2.2, which certainly has the property that every element is a sum of a unit and an involution. Now let and ; in other words, let for some , i.e. the localization of at .
Then let be an arbitrary non-zero element of with , so there exist non-zero integers such that . Now is an element of and .
Therefore is a unit of .
If then or expresses as a sum of a unit and an involution.
We now consider when . Recall that is a unit, so and thus if then . Similarly, if then . In this way there are only two cases:
If : thus is a unit and we may write , a sum of a unit and an involution.
If : then is a unit and we may write , a sum of a unit and an involution. since: is not a unit because divides and is not a unit because divides . □ Note that the only subrings of having the involution property are itself and the localization at a prime . Before attempting to derive a corresponding result for certain completely decomposable groups, we note the following general result. In fact it is easy to modify Proposition 1.3 to show that the direct sum of two modules with the involution property again has the involution property, but we are unable to determine in general whether the involution property is inherited by summands.
Lemma 2.6
Letbe the direct sum of two arbitrary groups with. Thenhas the involution property if and only if bothanddo.
Proof
Let be an arbitrary endomorphism of written as where , , . 
Choose an arbitrary and set , and ; note that . Now, since a homomorphism cannot map an element onto an element of lesser or incomparable type, we know that . It follows from two applications of Lemma 2.6 that , the -homogeneous component of , has the involution property.
Conversely, suppose that each -homogeneous component of has the involution property. Then, by Proposition 2.7, each type in has exactly one finite entry and so any pair of types in is incomparable. Hence the endomorphism ring, , is simply the ring direct product of the corresponding endomorphism rings and so has the involution property. □
Corollary 2.9
A completely decomposable grouphas the involution property if and only if it has the form, whereis an arbitrary cardinal,and eachis a finite direct sum of copies oflocalized at the prime.
Proof
Since there are no non-trivial homomorphisms from a divisible group into a reduced group, it follows from Lemma 2.6 that has the involution property if and only if both its reduced and divisible components have the property. The divisible part always has the involution property since it is just a vector space.
So has the involution property if and only if its reduced component has and the result follows from Theorem 2.8 and our earlier observation that a rank one group having exactly one finite entry in its type is just a localization of at the prime corresponding to the finite entry. □
Complete modules
In this last section we provide some results which will be helpful in considering modules which are complete in their -adic topologies. The line of approach is similar to that used previously to investigate the -sum property; see [13] . For simplicity we shall consider torsion-free modules over the ring of -adic integers, , only; there are clear generalizations to complete discrete valuation rings.
Recall that the Jacobson Radical of a ring , denoted as , is the intersection of all the maximal right ideals or all the maximal left ideals of and that for any , if and only if for all , , , where denotes the group of units of .
Our first result is the familiar fact that when a -adic module is complete, the Jacobson radical of its endomorphism algebra is easy to determine. With these preliminaries, it is easy to determine whether a ring has the involution property by considering its quotient .
Theorem 3.3
Letbe a ring such thatis complete in its-adic topology, with 2 a unit of. Ifhas the involution property thenalso has this property.
Proof
Take an arbitrary . We are given where is a unit of , and is an involution of . By Lemma 3.2 there exists , an involution in , such that . Therefore we can write for some . Now we show that is a unit of : is a unit of . Therefore there exists such that is a right inverse of .
It follows that , where is the identity in and so, by the properties of the Jacobson Radical, is a unit in . Writing we see that has a right inverse. A similar argument shows that also has a left inverse. Therefore is a unit in . □ 
Suppose that , where is a free -adic module of countable rank.
Define a mapping by
Note firstly that is not an automorphism of : a straightforward calculation shows that is not in the image of . Suppose, for a contradiction, that can be expressed as , where is an involution and is an automorphism of . Then post-multiplication by yields and so . Hence . But now if , then and so, since , . Continuing in this way one sees that . Thus and so is an automorphism -a contradiction. □
Remark 3.7
It is clear that the above argument may be generalized to modules over a much wider class of rings; in particular, it is easy to see that an identical proof holds for proper subrings of the ring of rationals, .
Theorem 3.8
A free-adic module () has the involution property if and only if it is
of finite rank.
Proof
Since , the ring itself has the involution property and hence, by Proposition 1.3, the same is true of any free module of finite rank. The converse follows immediately from Lemma 3.6 since a free module of infinite rank has a summand which is free of countable rank. □ Despite the failure of the involution property for free -modules of infinite rank, torsion-free -modules having the involution property exist in abundance. We shall show below that a -adic module with endomorphism algebra equal to the split extension of the ideal, , of endomorphisms having finite rank images, by , has the involution property. In fact, such modules of arbitrarily large rank have been constructed previously by Dugas et al. [3] 
Proposition 3.9
Ifis a torsion-free-module () with, then every endomorphism ofis [1] [2]
[3]
[4] the sum of a unit and an involution.
Proof
Let be an arbitrary endomorphism of having finite rank image.
Thus the image of under is free and so splits as where is the kernel of and is free of finite rank. If then is finitely generated and so is again free of finite rank. Hence can be embedded in a finite rank summand of ; say . Thus is a summand of and is free of finite rank. Moreover ; this follows since if then , where .
But with and so . Hence . Now consider an arbitrary endomorphism of ; this has the form , where and has an image of finite rank. Since is free of finite rank and is an endomorphism of , it is possible to write, by Proposition 1.3, where is an involution and is an automorphism of . Moreover, the -adic integer can be expressed, since , as where and is a unit.
Now define endomorphisms of as follows:
Clearly is an involution and is a unit. Moreover, the sum since .
This completes the proof. □
